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We consider the finite field dependent BRST (FFBRST) transformations in the
context of Hamiltonian formulation using Batalin-Fradkin-Vilkovisky method. The
non-trivial Jacobian of such transformations is calculated in extended phase space.
The contribution from Jacobian can be written as exponential of some local func-
tional of fields which can be added to the effective Hamiltonian of the system. Thus,
FFBRST in Hamiltonian formulation with extended phase space also connects differ-
ent effective theories. We establish this result with the help of two explicit examples.
We also show that the FFBRST transformations is similar to the canonical trans-
formtaions in the sector of Lagrange multiplier and its corresponding momenta.
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2I. INTRODUCTION
The Hamiltonian formulation developed by Batalin,Fradkin and Vilkovisky (BFV) [1–
4] provides a powerful method for the Becchi-Rouet-Stora and Tyutin (BRST) [5] quan-
tization of systems with first class and second class constraints [7–13]. The important
ingredients of BFV approach are as follows: the BRST transformations generated using
BFV approach are independent of the gauge conditions, it does not rquire auxiliary field,
it has an extended phase space where the ghosts and the Lagarange multipliers intro-
duced act as dynamical variables. The nilpotent BRST charge in the BFV approach is
directly constructed from the first class constraints which captures the algebraic structure
of constraints in a gauge independent way whereas in the Lagarangian formulation the
BRST charge is constructed using Noether’s theorem from a gauge fixed Lagarangian.
BRST symmetry plays an important role in the quantization of gauge theories. BRST
symmetry has been generalized in many ways such as non-local and non-covariant BRST
[14], covariant and non-local BRST [15], non-covariant and local BRST symmetry [16] and
another local, covariant and off-shell nilpotent BRST symmetry [17, 18]. They have been
studied both in Lagrangian and Hamiltonian framework. In all the above generalizations
of BRST symmetry, the parameter involved is infinitesimal, anticommuting and global.
Furthermore, Joglekar and Mandal generalized the BRST symmetry transformations by
taking the parameter to be finite field-dependent instead of infinitesimal but anticommut-
ing and global [19]. This generalized BRST, so called the finite field dependent BRST
(FFBRST) transformations are also the symmetry of the effective action but the path
integral measure changes in a non-trivial way. It has found many applications [20–28].
For example, the gauge field propagators in non-covariant gauges contain singularities on
the real momentum axis. Proper prescriptions for these singularities in gauge field prop-
agators has been found by connecting theory in Lorentz gauge to theory in axial gauge
by using generalized BRST transformations [20]. It has also been used to regularize the
divergence in energy integral in Coulomb gauge [21].
It has been already shown that finite BRST connects generating functionals corre-
sponding to solutions of quantum master equations in field/antifield formulation of pure
3YM theory [26]. Such generalized BRST symmetry is also the formal symmetry of the gen-
erating functional in field/antifield formulation of pure YM theory [28]. So far FFBRST
formulation and all its applications are considered only in the Lagrangian framework. It
will be interesting to extend FFBRST formulation in the Hamiltonian framework. In
particular, FFBRST in Hamiltonian formulation will be useful for Sp(2) and Sp(3) BRST
quantization in extended phase space [29–35]. In order to do so, the formulation of finite
BRST in Hamiltonian framework is must.
In this paper, we extend FFBRST formulation in Hamiltonian framework and show
that how the non-trivial Jacobian arising in the path integral measure plays the role in the
extended phase space using BFV formulation. We show that the non-trivial Jacobian of
the path integral measure can always be expressed as eiS1 , where S1 is some local function
of field variables in the extended phase space and can be a part of the effective action.
Thus, FFBRST can connect the generating functionals of two different effective field
theories with suitable choice of finite field dependent parameter in the BFV formulation.
For example, we show that FP effective action in Lorentz gauge with a gauge parameter λ
can be connected to (i) FP effective action in Coulomb gauge , (iv) FP effective action with
another distinct gauge parameter λ′ in the BFV Hamiltonian formulation. Exploring the
advantages of BFV Hamiltonian framework, we also show that the finite field dependent
BRST transformations is canonical transformation in the case of Coulomb gauge.
The plan of our paper is as follows. In Sec. II, we discuss the important features of
BFV formulation. In Sec. III, we discuss the FFBRST transformations in the extended
phase space for a general framework where we calculate the Jacobian change. We have
considered two examples. In Sec. IV, we show that FFBRST transformtaion is nothing
but canonical in the case of Coulomb gauge. We conclude in Sec. V .
II. BFV FORMALISM
BFV formalism is extremely useful in the quantization of syatems with first class
constraints. We present here only the essence of this approach and the detailed discussion
4can be found in [1–4]. The action in finite phase space can be expressed as
S =
∫
dt (pµq˙µ −Hc − λ
aΩa) , (2.1)
where (qµ, pµ) are the canonical variables describing the theory. Hc is the canonical Hamil-
tonian and λa are the Lagrange multiplier associated with first class constraints, Ωa. In
this approach, Lagrange multipliers λa and its corresponding conjugate canonical mo-
menta paλ are dynamical variables. The canonical momenta to λ
a i.e. paλ must be imposed
as new constraints such that the dynamics of the theory does not change. BFV formalism
extends the phase space by introducing two canonical pairs of ghost ( Ca,Pa) and ( C¯a, P¯a)
for each of the constraints satisfying the following equal-time anticommutation relations
{
Ca(x, t),Pb(y, t)
}
= −iδabδ(x− y),{
C¯a(x, t), P¯b(y, t)
}
= −iδabδ(x− y). (2.2)
. In this formalism, the nilpotent generator for the system with first class constraint have
the general form as
Q = CaΩ
a +
1
2
Paf bca CbCc + P¯
apaλ, (2.3)
where the f bca is a structure constant, Ω
a is the first class constraints. According to
Fradkin-Vilkovisky [1] theorem, the generating functional in the extended phase space is
given by
ZΨ =
∫
Dϕ exp(iSeff ), (2.4)
where the effective action, Seff is
Seff =
∫
dt
(
pµq˙µ + C˙
aPa + p
aλ˙a −HΨ
)
. (2.5)
Dϕ is the Liouville measure on the phase space. HΨ is the extended hamiltonian given as
HΨ = Hc + {Q,Ψ} . (2.6)
Ψ is the gauge fixed fermion and ZΨ does not depend upon the choice of Ψ [6].
5III. FINITE BRST IN BFV FORMULATION
The BRST transformations are generated from the charge given by Eq. (2.3) using
δϕ = [ϕ,Q] δλ where δλ is infintesimal anticommuting BRST parameter under which
the effective action in Eq. (2.5) remains invariant. Joglekar and Mandal generalized the
anticommuting BRST parameter δλ to be finite field-dependent instead of infinitesimal
but space time independent parameter Θ[φ]. Under this generalization, the path integral
measure Dφ will give rise to a Jacobian J. The Jacobian for this finite BRST transfor-
mations for certain Θ[φ] can be calculated by writing the Jacobian as a succession of
infinitesimal transformations. We can write
Dφ = J(κ)Dφ′(κ)
= J(κ + dκ)Dφ′(κ+ dκ) (3.1)
We have introduced a numerical parameter κ : 0 ≤ κ ≤ 1. All the fields are taken to
be the function of κ. For a generic field φ(x, κ), φ(x, 0) = φ(x) and φ(x, κ = 1) = φ′. Now
the transformations from φ(κ)to φ(κ+ dκ) is an infinitesimal one, therefore Jacobian can
be expressed as
J(κ)
J(κ+ dκ)
=
∑
φ
±
δφ(x, κ+ dκ)
δφ(x, κ)
,
= 1−
1
J(κ)
dJ(κ)
dκ
dκ (3.2)
∑
φ is sum over all the fields in extended phase space pµ, qµ, pλ, λ,P
a, P¯a, Ca, C¯a (as in Eq.
(2.5)) and ± sign for whether φ is bosonic or fermionic.
Now we consider the generating functional
Z =
∫
Dφ(x, 0) eiSeff [φ(x,0)], (3.3)
where φ(x, 0) generically denotes all the fields in extended phase space at κ = 0. This
generating functional is equal to
∫
Dφ(x, κ) J(κ) eiSeff [φ(x,κ)],
6=
∫
Dφ(x, κ+ dκ) J(κ+ dκ) eiSeff [φ(x,κ+dκ)]
=
∫
Dφ(x, κ+ dκ) J(κ)
[
1 +
1
J
dJ
dκ
dκ
]
eiSeff [φ(x,κ+dκ)] (3.4)
where the invariance of the Seff under φ(x, 0) → φ(x, κ) is a BRST transformations
given by
φ(0) = φ(κ)− δbφ(κ) Θ [φ(κ), κ] (3.5)
where φ′ = φ(κ = 1) and φ = φ(κ = 0). J(κ can be replaced by eiS1[φ(κ);κ] for a certain
functional S1 which needs to be determined in each individual case if and only if the
following condition is satisfied [19]
∫
Dφ(κ)
[
1
J
dJ
dκ
− i
dS1
dκ
]
ei(S1+Seff) = 0, (3.6)
where dS1
dκ
is a total derivative of S1 with respect to κ in which dependence on φ(κ) is also
differentiated and the Jacobian can be expressed as eiS1 where S1 is some local functionals
of fields and it satisfies the following condition [19]
1
J
dJ
dκ
−
dS1
dκ
= 0. (3.7)
An example: YM theory
We consider pure Yang-Mills theory in this formulation to construct the symmetry
generator, effective action and finally the generating functional using BFV formulation in
extended phase space. The kinetic part of the Yang-Mills Lagrangian is given by
L = −
1
4
F aµνF
µνa, (3.8)
where, F aµν = ∂µA
a
ν − ∂νA
a
µ + igf
abcAbµA
c
ν . The canonical momenta corresponding to A0
and Ai fields are
Πa0 =
∂L
∂A˙a0
= 0, (3.9)
Πai =
∂L
∂A˙ai
= F a0i. (3.10)
7The canonical Hamiltonian density becomes
Hc =
1
2
ΠaiΠ
a
i +
1
4
F aijF
a
ij − A
a
0D
i
abΠ
b
i . (3.11)
Ω1 = Π
a
0 is the primary constraint of the theory. Using Dirac prescriptions [36], we can
find the the secondary constraints from primary constraints Ω1 as
Ω2 = Ω˙1 = {Hc,Ω1} = D
i
abΠ
a
i ≈ 0, (3.12)
where, Dabi = ∂iδ
ab+ gfabcAci is the covariant derivative. These two constraints form a set
of first class constraints as they satisfy a Poisson bracket
{
Ωa,Ωb
}
= 0. (3.13)
Using the BFV formalism, the BRST charge is constructed using Eq. (2.3) for this
theory as
Q = CaD
iΠai +
1
2
Paf bca CbCc + P¯
aΠa0. (3.14)
The effective action in the extended phase space can be expressed as
Seff =
∫
d4x
[
ΠiaAai +Π
0aAa0 + C˙
aPa + ˙¯C
a
P¯a −Hc − {Ψ, Q}
]
, (3.15)
where, Hc is the canonical Hamiltonian density given by Eq. (3.11). Ψ is the gauge fixed
fermion which for the Lorentz gauge can be chosen as
Ψ =
∫
d3x
[
λ
2
C¯Πa0 + C¯∂iA
ia + P¯aAa0
]
. (3.16)
Putting Eq. (3.14) and Eq. (3.16) in Eq. (3.15), we obtain the effective action as
Seff =
∫
d4x
[
ΠiaA˙i
a
+Π0aA˙0
a
+ PaC˙a + P¯a ˙¯C
a
−
1
2
ΠaiΠ
a
i −
1
4
F aijF
a
ij + A
a
0D
i
abΠ
b
i
+ Πa0∂iA
ia +
λ
2
Πa0Π
0a + P¯aPa − ∂iC¯
aDiCa + gfabcPaCbAc0
]
. (3.17)
The effective action given in Eq. (3.17) is invariant under the set of following BRST
transformations with a infinitesimal parameter generated by the BRST charge in Eq.
8(3.14):
δbA0 = P¯
a δΛ, δbAi = DiC
a δΛ,
δbC
a
i =
1
2
fabcCbCc δΛ, δbC¯
a = Πa0 δΛ,
δbP
a =
(
Dabi Π
ia + gfabcPbCc
)
δΛ, δbP¯ = 0,
δbΠ
a
0 = 0, δbΠ
a
i = 0, (3.18)
where δΛ is the global, infinitesimal and anticommuting parameter. Similar to the FF-
BRST formulation in the framework of Lagrangian formulation, we can construct a finite
version of the BRST transformations in BFV approach as
δbA0 = P¯
a Θ, δbAi = DiC
a Θ,
δbC
a
i =
1
2
fabcCbCc Θ, δbC¯
a = Πa0 Θ,
δbP
a =
(
Dabi Π
ia + gfabcPbCc
)
Θ, δbP¯ = 0,
δbΠ
a
0 = 0, δbΠ
a
i = 0. (3.19)
Θ is the finite-field dependent, global and anticommuting Parameter i.e.(Θ2 = 0). The
transformations given in Eq. (3.19) also leaves the effective action in Eq. (3.17) invariant.
The generating functional in the BFV formalism can be expressed as
Z =
∫
dAa0 dA
a
i dΠ
a
0 dΠ
a
i dP
aP¯a dC¯a dCa exp(iSeff),
=
∫
Dχ exp
[
i
∫
d4x
{
ΠiaAai +Π
0aAa0 + P
aC˙a + P¯a ˙¯C
a
−
1
2
ΠaiΠ
a
i −
1
4
F aijF
a
ij + A
a
0D
i
abΠ
b
i
+ Πa0∂iA
ia +
λ
2
Πa0Π
0a + P¯aPa − ∂iC¯
aDiCa + gfabcPaCbAc0
}]
, (3.20)
where,
Dφ = dAa0 dA
a
i dΠ
a
0 dΠ
a
i dP
aP¯a dC¯a dCa. (3.21)
Dφ is the path integral measure which is integrated over all the phase space. The finite
transformation given in Eq. (3.19) leaves the effective action in Eq. (3.17) invariant but
the path integral measure Dφ in the generating functional Eq. (3.20) is not invariant. It
gives rise to a Jacobian in the extended phase space and needs to be calculated.
9The Jacobian using Eq. (3.1) is calculated in the extended phase space as follows
dA0dAidΠ0dΠidPdP¯dCdC¯
= J(κ)dA0(κ)dAi(κ)dΠ0(κ)dΠi(κ)dP(κ)dP¯(κ)dC(κ)dC¯(κ)
= J(κ+ dκ)dA0(κ + dκ)dAi(κ + dκ)dΠ0(κ+ dκ)dΠi(κ+ dκ)dP(κ+ dκ)dP¯(κ+ dκ)
dC(κ+ dκ)dC¯(κ+ dκ). (3.22)
Expanding R.H.S of Eq. (3.2), we obtain
∫
d4x
∑
a
[
δAa0(x, κ+ dκ)
δAa0(x, κ)
+
δAai (x, κ+ dκ)
δAai (x, κ)
−
δCa(x, κ + dκ)
δCa(x, κ)
−
δC¯a(x, κ+ dκ)
δC¯a(x, κ)
−
δPa(x, κ+ dκ)
δPa(x, κ)
−
δP¯a(x, κ+ dκ)
δP¯a(x, κ)
+
δΠa0(x, κ+ dκ)
δΠa0(x, κ)
+
δΠai (x, κ+ dκ)
δΠai (x, κ)
]
. (3.23)
This equation can be further expanded as
1 + dκ
∫ [
P¯a
δΘ′[φ(x, κ)]
δAa0(x, κ)
+Dabi C)b
δΘ′a[φ(x, κ)]
δAai (x, κ)
−Πa0(x, κ)
δΘ′[φ(x, κ)]
δC¯a(x, κ)
− gfabcCb(x, κ)Cc(x, κ)
δΘ′[φ(x, κ)]
δCa(x, κ)
−
(
Dabi Π
i
b + gf
abcPbCc
) δΘ′[φ(x, κ)]
δPa(x, κ)
]
=
J(κ)
J(κ+ dκ)
,
= 1−
1
J(κ)
dJ(κ)
dκ
dκ. (3.24)
Case I:
For a choice of finite BRST parameter Θ related to Θ′ as follows
Θ′ =
∫
d4x
[
γ1λ C¯
a Πa0 + γ2 C¯
a ∂0A
a
0
]
, (3.25)
the Jacobian change can be calculated from Eq. (3.24) as follows
1
J
dJ
dκ
=
∫
d4x
[
γ1λ Π
a
0
2 + γ2 Π
a
0∂0A
a
0 + γ2 C¯
a∂0P¯
a
]
. (3.26)
We make an ansatz for S1 as follows
S1 =
∫
d4x
[
ξ1(κ)Π
a
0
2 + ξ2(κ)Π
a
0∂0A0 + ξ3(κ)C¯
a∂0P¯
a
]
, (3.27)
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where, ξ′si are arbitrary constants which depend explicitly on κ whereas the fields φ
′s
i have
implicit κ dependence. We calculate
dS1
dκ
=
∫
d4x
[
ξ′1(κ)Π
a
0
2 + ξ′2(κ)Π
a
0∂0A
a
0 + ξ
′
3(κ)C¯
a ˙¯P
a
+ ξ2(κ)Π
a
0
˙¯P
a
Θ′
− ξ3(κ)Π
a
0
˙¯P
a
Θ′
]
. (3.28)
Using the condition given in Eq. (3.7) and comparing the coefficients, we obtain the
following solutions for ξ
′s
ξ1 = γ1λκ, ξ2 = −γ2κ,
ξ3 = −γ2κ, ξ2 = ξ3. (3.29)
The generating functional using Eq. (3.6) can be expressed as
Z =
∫
Dφ′ exp {i (Seff + S1)}
=
∫
Dφ′ exp
[
i
∫
d4x
{
ΠiaA˙ai + (1− γ2κ)︸ ︷︷ ︸Π0aA˙a0 + CaP˙a + (1− γ2κ)︸ ︷︷ ︸ C¯a ˙¯P
a
−
1
2
ΠaiΠ
a
i −
1
4
F aijF
a
ij + A
a
0D
i
abΠ
b
i + Π
a
0∂iA
ia +
(
λ
2
+ γ1λκ
)
︸ ︷︷ ︸Π
a
0Π
0a + P¯aPa
− ∂iC¯
aDiCa + gfabcPaCbAc0
}]
. (3.30)
At κ = 0, the genrating functional will correspond to the usual effective action in Lorentz
gauge. At κ = 1, it will correspond to the effective action in axial gauge with the repa-
rameterized gauge parameter λ′ = λ (1 + 2γ1) . Thus we show that with the appropriate
choice of finite BRST parameter in extended phase space, we can relate the generating
functionals corresponding to two different effective theories in different gauges.
Case 2:
For another choice of finite BRST parameter Θ related to Θ′
Θ′ = iγ
∫
d4y C¯a(y, κ) Πa0(y, κ), (3.31)
the Jacobian change
1
J
dJ
dκ
= iγ
∫
d4y [Πa0(x, κ)]
2
. (3.32)
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We make a simple ansatz
S1 = ξ1(κ)
∫
d4x [Πa0(x, κ)]
2
, (3.33)
where ξ1(κ) is a κ dependent arbitrary parameter. Using the condition (3.7) and com-
paring the coefficients, we obtain the value ξ1 = γκ. So, the generating functional can be
expressed as
Z =
∫
Dχ′ exp {i (Seff + S1)}
=
∫
Dχ′ exp i
[
ΠiaA˙i
a
+Π0aA˙a0 + P
aC˙a + P¯a ˙¯C
a
−
1
2
ΠaiΠ
a
i −
1
4
F aijF
a
ij + A
a
0D
i
abΠ
b
i
+ Πa0∂iA
ia +
(
λ
2
+ γκ
)
︸ ︷︷ ︸Π
a
0Π
0a + P¯aPa − ∂iC¯
aDiCa + gfabcPaCbAc0

 . (3.34)
The generating functional at κ = 0 will be the pure YM theory with a gauge parameter
λ and at κ = 1, the generating functional will represent pure YM theory with a different
gauge parameter λ′ = λ+ 2γ.
IV. FINITE BRST AND CANONICAL TRANSFORMATIONS
The generating functional given in the Eq. (3.20) when integrated over momenta
Πai ,P
a, P¯ can be expressed in a compact form
Z =
∫
Dχ exp {i (S0 + δbΨL)} , (4.1)
where S0 is given by
S0 =
∫
d4x
[
ΠiaA˙i
a
−
1
2
ΠaiΠ
ia +
1
4
F aijF
a
ij − A
a
0D
ab
i Π
ib
]
, (4.2)
and ΨL is the gauge fixed fermion given by
ΨL =
∫
d4x
[
λ
2
C¯aΠa0 + C¯
a∂iA
ia + PaAa0
]
. (4.3)
δb is the BRST variation given by Eq. (3.18). We now make a canonical transformation
in the sector of Lagrange’s multiplier which act as a dynamical variables in the BFV
12
formalism as follows
Πa0 → Π
a
0 − A˙
a
0,
Aa0 →
2
λ
Aa0. (4.4)
They are canonical as they satisfy the following commutation relation for pure YM theory
in Lorentz gauge [
Aa0(x) , Π
b
0(y)
]
= iδabδ3(x− y). (4.5)
Under the above transformations, the Jacobian is unity therefore path integral measure
does not change. The generating functional becomes
Zc =
∫
Dχ exp {i (S0 + δbΨc)} , (4.6)
and the gauge fixed fermion ψL changes to ΨC in coulomb gauge where
Ψc =
∫
d4x
[
λ
2
C¯aΠa0 + C¯
a∂iA
ia
]
. (4.7)
The generating functional in Eq. (3.34) when integrated over momenta Πa0, P
a, P¯a can
be expressed in a compact form as given in Eq. (4.6). As shown in the previous section,
by choosing a appropriate finite BRST parameter given by Eq. (3.25), the generating
functional corresponding to the effective action in Lorentz gauge ZL changes to the ZC
i.e. the generating functional corresponding to the effective action in Coulomb gauge.
ZL
FFBRST
−−−−−−−−− −→ ZC . (4.8)
Thus, we show that the FFBRST transformations are equivalent to the canonical trans-
fromations in the sector of Lagrange’s multiplier and its corresponding momenta.
V. CONCLUSION
FFBRST transformations, so far have been studied only in the Lagrangian frame-
work and not in the Hamiltonian formulation. In this paper, we have considered the
Hamiltonian formulation of FFBRST transformations using the BFV method. In the
13
BFV Hamiltonian approach, we extend the phase space and the Lagrange multiplier
and its corresponding momenta are treated as dynamical variables. In the Hamiltonian
formulation, we choose a BRST parameter in the extended phase space and when
integrated over all the momenta, it turns out that this finite parameter only changes
the gauge fixed fermion. The generating functional Z does not depend on the choice of
gauge fixed fermion. Hence, it plays the same role as in the Lagrangian framework but
in a more elegant and simple way. We also show that FFBRST transformations play the
role of canonical transformations for a selective choice of finite BRST parameter.
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